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Abstract

We address a fundamental combinatorial proposition for the n-sphere and a
similarly fundamental proposition in inversive geometry on the n-sphere, and
demonstrate the intimate connection between them. Specifically, in terms of
combinatorial geometry, we show that any coloring of the n-sphere by n + 3
colors must (n+2)-color some (n—1)-sphere. In regard to inversive geometry,
we characterize the structure of the class of smallest subsets of the n-sphere
that has the property that if T" is a well-defined function of the n-sphere that
preserves (n — 1)-spheres and if the image of T contains a member of this
class, T" must an inversive transformation.
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1. Introduction

Conventionally a Coloring of a manifold is a partition into well-defined,
non-empty sets. The cells of the partition—the colors—are not restricted
in any other way. The cardinality of the coloring is the index set of the
partition, and is often appended to the description of the coloring, so an
m-coloring of the n-sphere is a partition of S™ into m sets. I will prove the
following, for all n > 2.

Theorem 1.n. Any (n+ 3)-coloring of S™ must (n+ 2)-(or n + 3)-color some
(n — 1)-sphere. It is impossible to (n + 3)-color the n-sphere while ensuring
that no (n — 1)-sphere meets more than (n + 1) colors.

Corollary 1. Under the same conditions, there is a nested tower of spheres
such that the sphere of dimension m is (m+ 3)-colored, form =2,3,..., (n—
1). In particular, there is a 4-colored circle. This follows trivially. Conversely,
Theorem 1.n is equivalent to the proposition that an (n + 3)-coloring must
four-color some circle because starting from a four-colored circle one can
simply build up to an (m + 3)-coloring of an m-sphere that contains the
circle. The process starts from the four-colored circle, and chooses a point
off the circle representing a fifth color. The two-sphere spanned by the circle
and the point is a five-colored two sphere. Proceed to higher dimensions by
iterating this construction.

These propositions address the Combinatorial Geometry of the sphere,
and are related to well known results of [1]. The logic of this theorem and
of Erdos’ findings in what he called Euclidean Ramsey Theory are more in
the nature of dual than parallel. Nonetheless, it would be fair to character-
ize Theorem 1.n as being a proposition in Spherical Ramsey Theory. The
Euclidean analog of this theorem was proved in [2]. Our main result can
however be stated in a seemingly different way, as a proposition in Inversive
Geometry. Specifically,

Definition 1.1. A subset M of the m-sphere lies in General Position if for
any (n — 1)-sphere S, the Complement of S contains at least two points of
M. Obviously, M must contain at least n + 3 points. If M lies in general
position, every set containing M lies in general position.

Definition 1.2. A map T of the n-sphere to itself is Clircle-Preserving if for
every circle C' and set X of four points on C, if T'(X) contains four points
they must lie on the circle T'(C). If T(X) contains three or fewer points,
this condition is met for that four-tuple trivially. It is not assumed that the



image of the four points on C' be four distinct points, or that 7" is necessarily
a continuous function.

Definition 1.3. A map T of the n-sphere is Sphere-Preserving if for every
(n—1)-sphere S in S™ if X is a set of (n+2) points on S, and if 7'(X') contains
n+2 points, they must lie on a (n—1)-sphere. The same qualification applies
to T" with regard to continuity.

Sphere-preserving implies circle-preserving trivially, but the converse is by
no means trivial. The Inversive Group of transformations of S™ consists of all
the (n —1)-sphere-preserving bijections. Inversive transformations are of two
kinds. One kind are the Linear Fractional Transformations and the other kind
are the composition of Linear Fractional Transformations with the reflection
of the sphere through the equator. The former kind are orientation preserving
and the latter kind are orientation reversing, but ignoring the direction of
angles, all are conformal. The term “inversive” derives from the fact that
they are factorable into a composition of inversions through (n — 1)-spheres.
The Linear Fractional Transformations consist of four general types: parallel
translations, rotations about an (n — 2)-sphere, dilations, and a compound
of translation and dilation that expands from one point and contracts on
another point.

Theorem 2.n. Let M be a subset of S™ in general position, and let T : S™ —
S™ be a sphere-preserving map. If the image of T" contains M, T must be an
inversive transformation.

Theorem 2.1 is a statement about how many points are needed to “deter-
mine” a sphere-preserving map. In [4] we proved that if M contains at least
(2n 4+ 2) points, then the map 7" must be an inversive transformation, so the
practical effect of this paper is to reduce from 2n + 2 to n + 3 the assumed
number of points in M. Every Inversive Transformation is determined by its
values on n + 2 points in the domain. If however we do not assume that 7' is
a bijection, and in fact is we do not even assume that it is a continuous func-
tion, more information is needed. Surprisingly, only one more pair (z,7(2))
is needed, as long as the set of n + 3 points lie in general position.

Theorem 2.n admits the following corollary.

Corollary 2. Let M be a subset of S™ consisting of n + 3 points lying in
general position and let T be a sphere-preserving map of the n-sphere. T is
an inversive transformation if and only if T'(M) lies in general position, so
given that T is sphere-preserving, it is sufficient to check its values on a set



of n + 3 points. I will defer the proof of this equivalence until after proving
Theorem 2.n.

In [3] and [4] we recounted some history of the problem of characterizing
subsets of the sphere which have the property that every circle-preserving
map of S? need only be evaluated on that set. To recapitulate briefly, this
problem was first addressed by Carathéodory in the 1930s. The six point
characterization in [4] was really the next attempt at this question. Theorem
2.n above completes this account. There is no broader class of subsets of the
n-sphere than the class of all (n 4 3) points sets in general position. We will
present examples to demonstrate this.

The proof of Theorem 1.n will occupy most of this paper because the
statement in terms of coloring seems to be the more tractable statement to
deal with. I will take up the equivalence of Theorems 1.n and 2.n at the end
of this paper. Theorem 1.n is true for all n > 2, but the proof for n = 2 and
for n > 2 are different, so it will be necessary to present them separately. We
cannot simply proceed from the n = 2 case by induction on n, but once we
have proved the case n = 3, we can then generalize by induction from there.
Accordingly, we must treat the case n = 2 and the case n = 3 individually.

2. Preliminaries

Notation. 1 will denote the circle through points z, y, and z by (zyz), the two-
sphere through z, y, z, and w by (zyzw), and so on for all higher dimensions.
Denote the line through x and y by [zy].

Proposition 2.1. There is an (n + 2)-coloring of S™ which has no (n + 2)-
colored n—1 sphere, so the cardinality (n+3) in Theorem 1.n is the minimum
necessary.

PROOF. Viewing the n-sphere as the extended Euclidean space, let the ori-
gin 0 use one of the colors and oo use another one. Denoting the axes
X1, X3,..., Xy, apply the third color to X; — {0, 00}, the fourth color to
the remainder of the X; — X, plane, the fifth color to the remainder of the
X7 — Xy — X3 three-space, and so on. Any (n — 1)-sphere that does not
contain the origin or the point at infinity lies in a space that is covered by
n colors. Any sphere that contains either the origin or the point at infinity,
but not both, still lies in a space covered by n + 1 colors. The remaining
(n — 1)-spheres to check are the hyperplanes through the origin. They meet



both of the first two colors, but they cannot meet all n of the colors, so they
are at most (n + 1)-colored. We demonstrate this fact in the following way.

Consider the (n — 1)-dimensional hyperplane through the origin
{(z1,...,2,)|28bjx; = 0} for some vector b of coefficients. If by # 0, the
hyperplane cannot contain the X; axis except for the origin, because on that
axis r9 = -+ = x, = 0, so byxr; = 0. If the X; axis does not lie in the
hyperplane, we are done; the hyperplane contains no points of color three.
Otherwise, we conclude that by = 0. If by # 0, the hyperplane cannot meet
the X7 — X5 plane, minus the X; axis, because x3 = --- = x,, = 0, s0 byxs = 0.
Proceeding inductively, we find either that we identify the color that does
not meet the hyperplane—the color corresponding to the first non-zero b—
or the b’s are all zero. If all the b’are zero the “hyperplane” is the entire
n-dimensional space, which is a contradiction. It is possible to (n + 2)-color
S™ without (n + 2)-coloring any (n — 1)-sphere. QED

Definition 2.1. In dimension n, the singular coloring consists of a unique
(n — 1)-sphere S which is (n 4 2)-colored and the complement of S, which is
monochromatic. Thus while the color number result holds, it does not imply
that the coloring is in any way regular. In terms of inversive transformations,
this corresponds to a discontinuous sphere-preserving map, i.e., 17" is the
identity on the unique sphere S and constant on the complement of S.

3. Proof of Theorem 1.2

The method of proof will be to start by supposing that a coloring exists in
violation of the theorem, to then characterize such a coloring, and from the
characterization to adduce a contradiction which implies that the assumed
coloring is itself impossible. For definiteness we will refer to a five-coloring
that has no four-(or five)-colored circles as a Wild Coloring. Throughout we
will use the symbols I and I'; to denote the coloring and its cells, i =1, ..., 5.
First however,

The following argument hinges on a single construction. Choose points z;
inI';,;i=1,...,5. The circles (x1x2x3) and (x1x475) intersect at two points,
x1 and another point x}. Let T" be the Linear Fractional Transformation.

T(z1) =0, the origin,
T(x}) = oo, and

ot



Clearly, I' is a wild coloring if and only if 7'(I") is wild. 7" maps the circle
(r1x475) to the z-axis and maps (x122x3) to a line through the origin that I
will refer to as the v-axis. Since the circles were not necessarily orthogonal,
these axes are not generally orthogonal. (Note the T is conformal.) Luckily,
the angle of elevation of the v-axis drops out of the calculations entirely, and
presents no problem.

The z-axis meets colors ', 'y, and I's. The v-axis meets I'y, 'y, and I's.
I will designate points on the x-(v-) axis by z (resp v), and use subscripts
to designate colors where they are known. The construction is illustrated in
the figure below.

For an arbitrary point v on the v-axis, the circle (vr4xs) meets the v-axis
at a second point h(v|xy, x5). If the circle is tangent to the v-axis, h(v) = v,
but that presents no problem. We need to have the exact formula for the
function h. The circle through v, h(v), x4, and x5 has its center at (a,b) and
radius r.

- -
/ i X3

Figure 1: Circle meets the v-axis.

(x4 —a)? +b* =12,

(x5 —a)*> + 0% = r?

(vcos® —a)? + (vsinh — b)? = r?, and
(h(v) cosf — a)? + (h(v)sinf — b)? = r2.
From Equations 1 and 2,

5. a= (x4 +x5)/2.

From Equations 1 and 3,

=W =



6. v2cos?f — 2avcos — x2 + 2axy + v?sin® 0 — 2bvsinf = 0.
From 1 and 4,

7. h%(v)cos?§ — 2ah(v) cos @ — 22 + 2ax4 + h%(v)sin® § — 2bh(v) sind = 0
Equations 6 and 7 simplify to

8. v? — 2avcosf — 23 + 2ax4 = 2bvsin @ and

9. h?(v) — 2ah(v) cos — z% + 2azx4 = 2bh(v) sin 6.
Equations 8 and 9 imply that

(v* —2av cos O — 23+ 2ax4) /v = (h*(v) — 2ah(v) cos O — x5 + 2ax4) /h(v).

Substituting for a and collecting terms,
10. v2h(v) + x4w5h(v) = vh?*(V) + T4750.

If h(v) = v, we have our formula. Otherwise, the solution of 10 is
11. h(v|xyg, x5) = x425 /0.

Lemma 3.1. This calculation can be generalized in the following way. Given
lines X and V', parameterized in polar coordinates so that the two have the
same scale, and points x and 2’ on X and v and v' on V', and a circle that
meets both lines at these four points, the following relationship must hold:

12. zx’ = vo'.

Specifically, in terms of the coloring of S?, if x € I'y and 2’ € I's, v and v’
must always be the same color. Equally, if v € I'y and v’ € I'3, 2 and 2/ must
have the same color. Since I'y appears on both lines, if either x or v is in
I'; the coloring of the points on the other line is somewhat indefinite. If for
instance x is in I'7, then either v or v/, or both of them, can be color in I'y also.
In that case however it is still impossible for v € I'y and v' € I'3. At most
one of those colors is possible. In what follows, let V; =T, NV, 1 =1,2,3,
and XZ = Pz ﬂX,z = 1,4,5.

Equation 12 yields both the function of V' to itself cited above and a
function k£ from X to itself:

13. k(x|va, v3) = vavs/x, where x and k(x) have the same color. Note that

Lemma 3.2. Equation 12 and 13 imply that Xj5 is closed under reciprocals
and multiplication. Xj5 is a multiplicative group, that we will hereafter denote

G.

PROOF. Define functions m and n as follows:



14.a m(v|zs, z5) = h(h(v|zs, 5)|T4, 25) = (2} /25)0
14.b m(v|xy, ) = h(h(v|zg, z5)|2), x5) = () /x4)0
15.a n(x|ve, vh) = k(k(z|vy, v3)|vh, v3) = (V5 /va)x
15.b n(z|vs, v5) = k(k(x|ve, vs)|va, v5) = (V5 /v3)x.

Since 1 € X5 =G,

m(v|l, g) = gv for all v, but from 14 we have

n(1|ve, vh) = vh/ve, so the ratio of any two numbers in V5 is in G.
Specifically,

1/g = (v/gv) € G. So G is closed under reciprocals.

It is also closed under multiplication. Choose g and ¢’ in G. QED

m(gva|l,g') = gg'va = g"vy € Va.

This implies that gg’ = ¢” is in G.

For any vy in Vo, Vo = {gus|g € G}. Equally, V3 = {guvs|g € G} for vz in
V3. Fix an element of V3, which we will denote v3.

k(1]v9,v3) = vdvg = g. Let v = v3/g.

v) = 1/vs.

Furthermore, the reciprocal of every element in V5 is an element of V5. The
converse is also true of course. Now, from 14,

k(xq|v,v9) = 1/z4 € Xy,
so X4 is closed under reciprocals. From 14.b,
m(vylae, o) = (2/24)gva.

Thus, (x)/z4) = ((2)24)gv2)/(gvs) € G. There is an element, 29 of X, such
that X, = {gz4|g € G}.

k(z9v9,v9) = 1/2 = gaf, so zY is a real square root of 1/g for some
g. Now consider the quotient group H = (R'/G). X, is a coset of G, and
therefore it is a single element of H. (More precisely, X;/G is an element
of H), and the element in question is the square root of a number in G.
Call this, as an element of H, 4. Since (z9)? = g, which is in G, (x4)* = 1.
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29 cannot equal 1 because 1 € X5. Therefore, we can take 2 = —1, and

X, ={—glg € G}. Now, from Equation 12,
h(v|z9, 1) = h(v] — 1,1) = —1/v, soif v €V}, (—1/v) € V.

For vy € V5,1/vuy € Vi, as we demonstrated previously. Therefore for
every vy in Va, —vq is in V3. Lastly however, this implies that k(1/g|—v3,v3) =
—v3g = ¢'. Therefore, v§ is the square root of some number z° in X4. Say
v = /2% (ie, 2= —g'/qg).

Let G* = GUX,. For g, € G and z,2' € X4, 29 € X,. Furthermore,
xx' € G and g¢ € G. Together, this implies that G* is a multiplicative
group. Since every element of V5 is a G multiple of v9 and every element
of V3 is a G multiple of v = 1/v9, the product of two numbers in V; is a
¢ multiple of 2°, for i = 1,2, and any cross product vyv3 € G. Therefore
V5 U V3 is isomorphic to G*, and is therefore a group. It must contain the
number 1. Assume that 1 is in V5. Then 1/1 = 1 is in V5, but this leads to
a contradiction, because it violates the condition that V5 and V3 be disjoint.
QED

4. Proof of Theorem 1.3

Now taking up the case of n = 3, we begin with a small lemma.

Lemma 4.1. Let (z;x;z5) be a circle that meets colors i, j, and k, and sup-
pose x} is a fourth point on the circle which also lies in I';, Neither of the
arcs (z;x}) nor (zix;)—roughly speaking, the two open semi-circles—can be

monochromatic.

PROOF. Assume the contrary. For definiteness, let i = 1,7 = 2, and k = 3.
As usual, where the color of a point is known, I will identify it with the
subscript. Up to an inversive transformation, we can arrange that the circle
is a line through the origin and that z; = 0 and z} = oco. Call this line L.
The semicircles then correspond to the upper and lower rays from 0. Assume
that xo and x3 both lie in the lower ray; i.e. assume that the positive ray is
monochromatic.

Choose x4 and consider the plane spanned by the lines L and [0z4]. For
any point z in the upper half plane—where now “upper” and “lower” are
defined by taking the line [0x4] to be the other axis. The circle through
x, T9, and x4 meets the upper ray, which lies in I';. Hence it lies in the union



[y uly UTy. The same x also lies on the circle (zz3zry) C Ty UT'2 UTy. Hence
x must lie in the intersection of these sets, which is I'y UT'y. Thus the upper
half-plane lies in I'y U I'y. If there is an x* € I'y on the upper half-plane,
then the circle (z*zox3) intersects the upper half-plane on a monochromatic
arc in I'y, because that circle cannot meet I'y. If any x in the interior of
either the first or second quadrant lies in I'y, the arc of (zxox3) in the upper
half-plane is a subset of I';. The upper half-plane is therefore covered by the
pencil of circles {(xxox3)|x in the upper half-plane}, where (zzoz3)N (upper
half-plane) is a monochromatic arc. There would have to be an z** in the
upper half-plane with the property that it has one color—assume it is in I'y
for definiteness—and also lies in the closure of I';. This is necessary since
the quadrants are connected sets. (Alternatively, there is an z** in I'y and
also in the closure of I'y.) The arc through z**, the arc (z**zox3) N (upper
half-plane), would then constitute a part of the boundary of I'y, and the
boundary of I'y. Any circle that cuts this arc at x*x would also meet arcs
that lie in I';. In other words, any circle except (z**zoz3) itself would meet
all four colors, which is impossible by assumption. It follows that x** cannot
exist, implying that the upper half-plane is monochromatic.

Choose x5 not lying in this plane, and the third axis [0z5]. By repeating
the above argument, we can show that the upper half space is monochromatic.
A 2-sphere cannot be tangent to the x4 — x5 plane at both x4 and x5, so if x
is any point in the lower half-space, the 2-sphere (xxox4x;5) meets the upper
half-space somewhere. Thus, the lower half space lies in I'y UT', U T’y U
['s. Therefore, the whole space is covered by the union of these four colors,
contradicting the assumption that I' is a six-coloring. QED

PROOF OF THEOREM 1.3. Consider a circle (x;x2x3) and a 2-sphere (x;x42576)
which meet at x; and z}. By applying an inversive transformation we can
arrange that z; = 0 and z} = oo, that the sphere is rotated to the z — y
plane, and that the circle is rotated to a line through the origin. Call the
line X. X C I'y U’y UT'3. The plane lies in the union I'y UT'y UT's UT's. From
the previous lemma, we can assume that the ray of X lying above the plane
contains a point in I'; and the ray below the plane contains a point of I's.
(Otherwise, x5 lies in the ray below the origin and x3 lies above the origin.)
The plane contains points x4, x5, and xg, and corresponding rays [0z4], [0zs],
and [0x¢]. Note that the ray through z;, j = 4, 5,6, must be bi-chromatic be-
cause the two lines through the origin, X and [0x;] span a plane (a 2-sphere)
which by assumption can only meet four colors: colors 1, 2, 3, and 1.
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Let (zoxsrsxs) be chosen so that the origin lies in its interior, which is
guaranteed by the fact that the origin lies between x5 and x3. It intersects
the plane on a circle that contains the origin in its interior, and therefore it
must meet the ray [0xg]. It is therefore a five-colored sphere. QED

5. Proof of Theorem 1.n

The two pieces of the argument—Ilemmas 4.1 and the theorem itself—
generalize directly, as I will show. All the work is involved in generalizing
the lemma.

Lemma 5.1. Let xq, 2, x2, and x5 be points on a circle. Neither arc connect-
ing z7 and 7 can be monochromatic.

PROOF. For simplicity, arrange as before that x; be the origin, and | be
the point at infinity, so the circle is a line through the origin. The propo-
sition amounts to the statement that if x5 lies on one side of the origin,
there must be an x3 on the other side. We proceed sequentially choosing
points 4, Ts, . .., T(nt2), arranged so that all of them lie on the boundary of
the upper half-space. If x5 and x3 must both lie on the lower ray, we can
demonstrate that the upper half-space is monochromatic, and that the whole
n-space is covered by the union I't UT'y UT'y U ... UT'(,,49). This contradicts
the assumption that I' is an (n + 3)-coloring.

Theorem 1.n, for n > 3.

PROOF. The construction for all n simply duplicates the construction for n =
3. The only thing we need to verify is that the rays [0z;],j =4, ..., (n +3),
must be bi-chromatic. Any such ray together with the line called X above
spans a 2-plane, which can contain at most four colors. Otherwise, if this plan
is five-colored there must be a four-colored circle or line, as was demonstrated
in §2. Starting with a four-colored circle, select a point in I's and generate
the 2-sphere spanned by the circle and the point. It is a 5-colored 2-sphere.
Choose an xg not on this sphere and generate the 3-sphere spanned by the
two-sphere and z. Continue out to (n + 1) and a point (,2) to obtain an
(n 4+ 2)-colored (n — 1)-sphere. This proves that the rays are bi-chromatic or
a contradiction ensues.

Now consider the (n — 1)-sphere containing (z2x3...%T(n42)). It must
meet the ray [0z(,43)] since the origin, 0, lies in the interior. It is therefore
an (n — 1)-sphere containing (n + 2) colors.

11



Proof of Theorem 2.n.

PROOF OF THEOREM 2.2. Let T be the circle-preserving map in question

and let M be a five point set in general position contained in the image of
T. Define a partition I' = {I";, 'y, I's, 'y, I'5, T's} by

Ly =T Y(m;) for m; € M,i=1,2,3,4,5,

and
e =S*—UM;,i=1,...,5.

If T'g is empty we are done, because the first five sets are then a five-coloring.
There would be a four-colored circle—i.e. a circle containing points in four
of the five colors—so the image of that circle would contain four of the m’s.
This violates the condition that M lie in general position. If therefore I' is
not empty, the image of 7' contains a sixth point mg. We have demonstrated
in [4] that 7" must be an inversive transformation.

PROOF OF THEOREM 2.3. Let T be a map of S to itself that preserves
2-spheres, and per the statement of the theorem, suppose the image of T
contains a six point set in general position. I will show that 7" is an inversive
transformation.

Let T; =T Yal),i =1,...,6, where X' = {2/,..., x4} is a set in general
position lying in the image of T'. If the union of these sets covers the domain,
we have a contradiction because there would be a five-colored sphere. That
would imply that five of the six image points lie on a single 2-sphere, the
image of the five-colored sphere. Thus we conclude that 7" has other image
points. Let I'; denote the complement of the union of the first six gammas.
There must be a 2-sphere, S, that meets five of the seven gammas, and I';
must be one of them. Assume for definiteness that this sphere is (z4x5z627),
and that x5 is also on S. From Theorem 2.2 we know that the restriction
of T to this 2-sphere is an inversive transformation, so 7'(S) is the entire
2-sphere (zjxtrgr’). Any 2-sphere through zi,z,, and S (meeting S on a
circle) maps to a sphere S’, where S’N Im(7') is a set in general position,
so T is an inversive transformation on any such 2-sphere. If M denotes the
domain swept out by these spheres, it is easy to show that three-space is
covered by the family of 2-spheres intersecting M and containing a point z
not in M. T must therefore be an inversive transformation. QED

Proof of Theorem 2.n, for n > 3.
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PrROOF. We proceed by induction. Let T be a sphere-preserving map of the
n-sphere and assume that the image of T contains a set of (n + 3) points
in general position. If this set comprised the entire image, the coloring with
Ui =T"Yx),i=1,...,n+3, where X' = {a,...,2(, 5} is a set in general
position lying in the image of 7. From Theorem 1.n, there would be an
(n + 2)-colored (n — 1)-sphere in the domain of 7. That would imply that
n + 2 of the n + 3 image points lie on an (n — 1)-sphere, contradicting the
assumption that the image lies in general position. It follows that there must
be an (n+4)™ image point :El(n +1)- As in the previous proof, let I'(,14) be the
complement of the union of the n + 3 colors already defined. There must be
an (n — 1)-sphere, S~ in the domain colored by n 4 2 colors, one of which
is I'(n44). From Theorem 1.(n —1),7 must be an inversive transformation on
this sphere, and in particular it must be a bijection. We can then repeat the
construction in the previous proof to arrive at the conclusion that 7" must
itself be an inversive transformation.

PROOF OF COROLLARY 2. It remains to prove that we only need to eval-
uate a sphere-preserving map on a set M = {z;li = 1,...,n + 3} con-
sisting of n + 3 points in general position. If T (M) lies in general posi-
tion, we are done because the image of T" then contains this set. Suppose
however, that T'(M) does not lie in general position, and specifically, that
there is an (n — 1)-sphere S whose complement meets 7'(M) on only one
point, &} = T'x;. Consider the (n — 2)-sphere (2425 ... %(n43)) and the three
(n—1)-spheres (12425 . . . T(n43)), (X245 . . . T(ny3)), and (X3T475 . . . T(n13)).
The point T'(x3) must lie on T'((x32475 ... T(ny3))) = S. So T maps both
(woxas . .. T(ny3)) and (x3z4xs ... xn+3)) into S. However, T is an inversive
transformation if and only if 77! exists and is also an inversive transforma-
tion. Far from being inversive however, this would imply that 7! is not
even sphere-preserving. QED

Conclusion

It remains an open question whether in Theorem 2.n it is sufficient to
assume merely that T" preserves circles. Specifically,

Query: if T is a circle-preserving transformation of S™ whose image con-
tains a set in general position (i.e. the complement of every (n — 1)-sphere
contains at least two points in the image of T'), is it necessarily true that T
preserves spheres of all dimensions from 2,...,(n —1)?
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